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In the Bridgman process, a single crystal is grown by the directional solidi� cation of an initially molten
semiconductor (melt) contained in a cylindrical ampoule. A crystal-growth experiment in an Earth-or-
biting vehicle is subjected to unsteady residual accelerations ( g-jitters), which drive an undesirable os-
cillatory buoyant convection in the melt. Since many molten semiconductors are excellent electrical con-
ductors, the magnitude of the buoyant convection is dramatically reduced by applying a magnetic � eld
during crystal growth. We treat the buoyant convection driven by periodic g-jitters whose direction is
parallel to the axis of the ampoule. There is a nonuniform magnetic � eld that is axisymmetric around
the ampoule axis. We compare the magnitudes and characteristics of the buoyant convections for various
nonuniform magnetic � elds to those for a uniform axial magnetic � eld.

Introduction

T HE electrical properties of semiconductor crystals depend
on the concentrations of certain other elements (dopants)

in the crystal. For segregation coef� cients of less than one,
dopant is rejected back into the melt during crystallization. If
the rejected dopant remains trapped and radially uniform inside
a mass-diffusion boundary layer adjacent to the crystal-melt
interface, then the dopant concentration over most of the crys-
tal length is uniform and equal to the original concentration in
the melt. This desirable diffusion controlled condition is dif-
� cult to achieve. During terrestrial crystal growth, the buoy-
ancy-driven convection transports rejected dopant from the
mass-diffusion boundary layer to the bulk of the melt and pro-
duces temporal oscillations in the concentration inside the
layer. In the � nal crystal, the dopant concentration varies over
both the length and radius of the crystal (axial and radial mac-
rosegregation), and there are spatial oscillations in the dopant
concentration on a micrometer scale (microsegregation or stri-
ations). In an Earth-orbiting vehicle, g-jitters drive an oscil-
latory buoyant convection that also produces striations and
provides mixing between the mass-diffusion boundary layer
and the bulk of the melt, again leading to macrosegregation.

To achieve the ideal crystals from diffusion-controlled
growth, NASA has begun to design a magnetic damping fur-
nace for space � ights in 1999 and beyond.1 Semiconductor
crystals will be grown by the Bridgman process with an ex-
ternally applied magnetic � eld that will have a magnetic � ux
density of B0 = 0.2 T. Hjellming and Walker2 gave the char-
acteristic velocity for magnetically damped buoyant convec-
tion

( T ) g0
U = (1)c 2B 0

where , , and are the density, volumetric expansion co-
ef� cient, and electrical conductivity of the melt, respectively;
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whereas ( T ) is the characteristic temperature difference in the
melt, g0 is the characteristic magnitude of the g-jitters, and
g0 = 9.81 m/s2. Typical g-jitters consist of continuous and cha-
otic accelerations with = 10 4– 10 3, caused by crew move-
ments, machinery, etc., plus isolated spikes with as large as
10 2, as a result of thruster � ring, equipment deployment, etc.3

Equation (1) shows that the magnitude of the oscillatory buoy-
ant convection decreases as as the magnetic � ux den-2B 0

sity is increased. For the properties of molten silicon and for
NASA’s tentative design with B0 = 0.2 T, Uc = 0.7 m/s for

= 10 3. This will be our typical case for estimating parameter
values.

In a previous paper,4 we presented numerical solutions for
the g-jitter-driven buoyant convection with a uniform axial
magnetic � eld, i.e., parallel to the axis of the ampoule. One
advantage of a magnetic � eld is that it can be tailored by
changing the relative position of the solenoid to achieve a wide
variety of nonuniform � elds. For the terrestrial Czochralski
process with the melt in an open crucible, crystals grown in
certain nonuniform, axisymmetric magnetic � elds have more
uniform distributions of dopants and of oxygen compared to
crystals grown in a uniform magnetic � eld.5

Our objective is to investigate whether any nonuniform,
axisymmetric magnetic � eld is more effective in the suppres-
sion of g-jitter-driven buoyant convection in the Bridgman pro-
cess than a uniform axial magnetic � eld would be. To compare
buoyant convections for a uniform � eld and for a nonuniform
� eld, or for two different nonuniform � elds, we use the same
rms magnetic � ux density for every case, with the mean taken
over the volume of the melt. With this rms value for B0, the
characteristic velocity de� ned by Eq. (1) is the same for every
magnetic � eld con� guration.

Problem Formulation
The electric currents in the melt produce an induced mag-

netic � eld that is superimposed on the applied magnetic � eld
produced by the permanent magnet or solenoid. The charac-
teristic ratio of the induced to applied magnetic � eld strengths
is the magnetic Reynolds number, Rm = p UcR, where p is
the magnetic permeability and R is the inside radius of the
ampoule. For our typical case, Rm = 8 10 9, so that the
induced magnetic � eld is negligible. An axisymmetric mag-
netic � eld has only radial and axial components, Br and Bz,
which depend only on the dimensionless cylindrical coordi-
nates r and z, with the z axis along the centerline of the am-
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Fig. 1 Isotherms for the deviation from the hottest temperature
in the melt, normalized by the overheat temperature: T = 1 at
the crystal-melt interface at z = 5 and T = 0 for 0 < z < 3.65.

poule and with the origin at the center of the hotter end of the
ampoule. The magnetic � eld is governed by

B B Br r z
= 0 (2a)

r r z

B Br z
= (2b)

z r

with suitable boundary conditions at the surfaces of the sole-
noid coils. With Br and Bz normalized by B0

b 1

2 2(B B )r dr d z = 0.5b (3)r z

0 0

where b is the instantaneous axial distance between the hotter
end of the ampoule and the crystal-melt interface, normalized
by R.

In the heat equation, Joulean heating and viscous dissipation
are negligible.6 The characteristic ratio of convective heat
transfer to thermal conduction is the Péclét number, Pe =

chUcR/k, where ch and k are the speci� c heat and thermal
conductivity of the melt, respectively. For our typical case, Pe
= 3 10 4, so that 2T = 0, where T is the deviation of the
dimensional temperature from the hottest melt temperature,
normalized by ( T ), which we choose as the difference be-
tween the hottest temperature and the solidi� cation tempera-
ture, i.e., the melt’s overheat temperature. The isotherms for b
= 5 and for a typical Bridgman heater are presented in Fig. 1,
where T = 1 at the crystal-melt interface at z = 5 and T = 0
for 0 < z < 3.65.

In the Navier– Stokes equation, the characteristic ratio of the
electromagnetic body force term, j* B *, to the nonlinear
inertial term, (v* )v *, is the interaction parameter, N =

/ Uc, where an asterisk denotes a dimensional variable,2B R0

j* is the electric current density, B * is the magnetic � ux vec-
tor, and v * is the melt velocity. For our typical case, N = 2
105, so that the nonlinear inertial term is negligible. With these
assumptions, the boundary-value problem governing the oscil-
latory buoyant convection driven by the � uctuating g-jitters is
linear. The direction of the g-jitter vector varies with time.
With linearity, we can obtain the solution for any directional
history with the time-dependent superposition of solutions for
two unidirectional g-jitters: one axial and one transverse. Here

we only treat the axial g-jitter solution. In addition, the re-
sponse to a continuous and chaotic g-jitter history can be ob-
tained by a Fourier-transform superposition of solutions for
sinusoidal histories for all frequencies. Therefore, we only treat
axial g-jitters whose dimensionless magnitude is cos( t),
where t is time normalized by a characteristic magnetic damp-
ing time, / = 0.05 s, and is the dimensionless circular2B 0

frequency.
In the Navier– Stokes equation, the characteristic ratio of the

electromagnetic (EM) body force term to the viscous term is
Ha 2, where Ha = B0R( / )1/2 is the Hartmann number, and
is the melt’s viscosity. For our typical case, Ha = 61. For Ha
>> 1 and ¹ 0, the melt can be subdivided into an inviscid
core and boundary layers adjacent to the ampoule surfaces and
to the crystal-melt interface. All three boundary layers have an

(Ha 1) dimensionless thickness and have simple exponential
structures that satisfy the no-slip condition at the boundary and
match any tangential core velocity.4 With Ha = 61, the bound-
ary layers are thin and play no signi� cant role in the � ow, so
that we ignore them and treat the inviscid core � ow.

For a steady, axisymmetric temperature and for periodic ax-
ial g-jitters, the periodic buoyant convection is axisymmetric.
The dimensionless governing equations are

v pr
= B j (4a)z

t r

v pz
= B j T cos( t) (4b)r

t z

j = B v B v (4c)r z z r

v v vr r z
= 0 (4d)

r r z

Here, vr and vz are the radial and axial velocity components,
respectively, normalized by Uc; j is the azimuthal electric cur-
rent density, normalized by UcB0; p is the pressure deviation
from the hydrostatic pressure caused by g-jitters with a uni-
form density, normalized by ; and Br, Bz, and T are2U B Rc 0

known functions of r and z. Equations (4a) and (4b) are the
radial and axial components of the Navier– Stokes equation
without the nonlinear inertia terms and the viscous terms, Eq.
(4c) is the azimuthal component of Ohm’s law with zero elec-
tric � eld because of axisymmetry, and Eq. (4d) is the conti-
nuity equation. We introduce Eq. (4c) into Eqs. (4a) and (4b),
we cross-differentiate to eliminate p, and we introduce the
stream function , where

1
v = (5a)r r z

1
v = (5b)z r r

The result is a single equation governing (r, z, t), with the
boundary conditions

= 0 at r = 1, z = 0 and z = b (6)

Since the equation governing is linear, has only one
Fourier component in time, so that = c(r, z) cos( t)

s(r, z) sin( t). Here, c is the buoyant convection that is in
phase with the g-jitters, and s is the convection that follows
the g-jitters by a quarter period. We solve the two coupled
differential equations governing c and s and the conditions
[Eq. (6)] using a Chebyshev spectral collocation method.



214 MAAND WALKER

Fig. 2 Streamlines for = 0.1 and a = 1: a) c = 0.005n for n =
1– 6 and b) s = 0.02n for n = 1– 7.

Results
For all of the results presented here, we used b = 5 and the

T(r, z) whose isotherms are presented in Fig. 1. We chose a
simple nonuniform, axisymmetric magnetic � eld with

B = Cr (7a)r

B = 2C(ab z) (7b)z

which satisfy Eqs. (2). Equation (3) gives C = [0.5 4b 2(a 2

a 1/3)] 1/2. This magnetic � eld is a cusp � eld caused by
two axially opposed solenoids where the axial � elds caused by
the two solenoids cancel at z = ab, so that the � eld is purely
radial in this plane. We consider three cases. Our base case is
a uniform axial magnetic � eld with Br = 0 and Bz = 1, corre-
sponding to a >> 1. We use Eqs. (7) with a = 106 for this case.
Our second case for a = 1 has a weak, purely radial magnetic
� eld at the crystal-melt interface and has the strongest � eld at
the hotter end of the ampoule. For a = 1, Bz decreases linearly
from 1.719 at z = 0 to zero at z = 5, whereas Br increases
linearly from zero at r = 0 to 0.1719 at r = 1. Our third case
with a = 0 is the axial inverse of the � eld for a = 1, so that
the magnetic � eld is weak and purely radial at the hotter end
of the ampoule and is strongest at the crystal-melt interface,
i.e., Bz varies linearly from zero at z = 0 to 1.719 at z = 5.
For every value of and with a = 106, our results agree to
six signi� cant � gures with our previous results for a uniform
axial magnetic � eld.4 These previous results were obtained
with a different formulation involving an integration function
that cannot be used here because Br and Bz are spatially vari-
able coef� cients in Eqs. (4).

When is small, the time derivatives on the left-hand sides
of Eqs. (4a) and (4b) are small, and only the EM body force
opposes the buoyant convection. As is increased, inertial
opposition to the convection is added to the EM force, so that
the magnitude of the buoyant convection decreases. At very
small values of , the convection is nearly in phase with the
g-jitters, i.e., c is larger than s. As is increased, the con-
vection shifts toward a quarter-period lag after the g-jitters.
For > 1, c and s vary as 2 and 1, respectively.4 The
effects of tailoring the magnetic � eld are larger for small val-
ues of , when the EM force dominates, than for large values
of , when inertial effects dominate.

The streamlines of c and s for = 0.1 and a = 1 are
presented in Fig. 2. For every case, the convection is concen-
trated near the crystal-melt interface, and more than half of
the melt near the hotter end is essentially stagnant. Therefore,

the principal effect of tailoring the magnetic � eld is to increase
or decrease the local magnetic � eld strength in the region of
the convection. With a = 1, the � eld is weak near the crystal-
melt interface, so that EM opposition to the buoyant convec-
tion is less than that for a uniform axial magnetic � eld. Re-
ducing the local EM opposition allows the convection to
increase and shifts the phase closer to a quarter-period lag
because inertial effects play a larger relative role. As a is
changed from 106 to 1 for = 0.1, the magnitude of the buoy-
ant convection increases by 93%, and the ratio of the phase
lag to a quarter period increases from 0.53 to 0.86. With a =
0, the magnetic � eld is strongest near the crystal-melt interface,
so that the local EM opposition is larger than that for a uniform
axial magnetic � eld. As a is changed from 106 to 0 for =
0.1, the magnitude of the buoyant convection decreases by
35%, and the ratio of the phase lag to a quarter period de-
creases to 0.41.

Khine and Walker7 found that tailoring the nonuniform,
axisymmetric magnetic � eld dramatically changed the stream-
line patterns for buoyant convection in the Czochralski pro-
cess. Therefore, we were surprised to � nd very small differ-
ences between the streamline patterns for a = 0, 1, and 106

and for any value of . For example, as a is changed from 1
to 0 for = 0.1, the location of the maximum value of c

shifts from z = 4.27 in Fig. 2a to z = 4.15.
As the value of is increased, the effects of tailoring the

magnetic � eld decrease. For = 1, changing a from 106 to 1
or 0 increases or decreases the magnitude of the buoyant con-
vection by 3.3 or 9.6%, respectively. For = 1, all of the
phase lags are close to a quarter period.

Conclusions
We have considered the effects of tailoring a nonuniform,

axisymmetric magnetic � eld on the buoyant convection driven
by periodic, axial g-jitters in the ampoule of a Bridgman pro-
cess. Relative to a uniform, axial magnetic � eld, the effect of
tailoring the � eld is to increase or decrease the � eld strength
near the crystal-melt interface where the convection is con-
centrated. For a low frequency, a tailored magnetic � eld with
the largest � eld strength near the crystal-melt interface led to
35% less buoyant convection than that for a uniform axial
� eld. However, this comparison assumes that the rms magnetic
� ux density B0 is the same for the uniform and nonuniform
magnetic � elds. A solenoid produces a relatively strong and
nearly uniform magnetic � eld near its center and a much
weaker nonuniform, axisymmetric magnetic � eld just outside
either end. Therefore, our actual choice is between a nearly
uniform � eld with a larger � ux density and a nonuniform � eld
with a smaller rms � ux density. We should make the compar-
ison for a given solenoid, not for the same rms � ux density.
For both nonuniform � elds considered here, the axial magnetic
� eld is 1.72B0 at one end of the melt, so that the uniform � eld
in the center of the solenoid must be at least this strong. If we
compare the nonuniform � eld with the strongest � eld at the
crystal-melt interface and with a rms magnetic � ux density of
B0 to a uniform � eld with a � ux density of 1.72B0, we � nd
that the magnitude of the buoyant convection for the uniform
� eld is 64% less than that for the nonuniform � eld because
the characteristic velocity varies as the inverse square of the
magnetic � ux density. We conclude that one wants to place
the melt in the region of largest magnetic � ux density available
with a given solenoid or magnet, and that will generally be
the most uniform part of the � eld.
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